The two-sided ideals of group near-rings are characterized and studied. Various examples are presented to illustrate the interplay between ideals in the base near-ring R and the corresponding group near-ring R [G]. Some results concerning the Jacobson radicals of R [G] are also discussed.
Introduction
In [2] group near-rings have been defined in their most general form. Since then, some work has been done on the ideal theory of group near-rings (see [1, 5] ), but only for certain special cases, such as for near-rings which are distributively generated. This paper is meant to be the first step towards laying the groundwork for the ideal theory of general group near-rings. These ideals are characterized and some of their fundamental properties are revealed. Several results from matrix near-ring theory are utilized in order to do so.
Throughout this paper, R denotes a right near-ring with identity 1 and G denotes a (multiplicatively written) group with identity e and with |G| ≥ 2. For general results on near-rings, the reader is referred to a standard textbook such as [9] . Recall that for any (additively written) group H , the set of all mappings f : H → H under the operations of pointwise addition and composition, forms a near-ring, denoted by M.H /. We need this in the following DEFINITION 1.1 ( [2] ). Let R G denote the direct sum of |G| copies of the group .R; +/. The group near-ring constructed from R and G, denoted R [G] It follows that in case of a finite group G, with |G| = n, the near-ring R [G] is closely related to the n × n matrix near-ring over R. Hence we pertinently give the following definition, due to Meldrum and van der Walt [6] . DEFINITION 1.2. Let R n denote the direct sum of n copies of the group .R; +/. The n × n matrix near-ring over R, denoted M n .R/, is the subnear-ring of M.R n / generated by the set { f r i j ∈ M.R n / : r ∈ R; 1 ≤ i; j ≤ n}, where f r i j : R n → R n is defined by f r i j .Þ/ = Ã i .r ³ j .Þ//, for all Þ ∈ R n . Here, Ã i : R → R n and ³ j : R n → R denote the i -th and j -th co-ordinate injection and projection functions respectively. For typographical reasons we also sometimes write [r ; i; j ] for the matrix f r i j . The interested reader should consult [1, 2, 5] for basic results on group near-rings and [6, 7] for general results on matrix near-rings. Note that when R happens to be a ring, then both R [G] and M n .R/ revert to the standard situation in ring theory.
Our first result relates R[G] and M n .R/ in case G is a finite group. As usual, S n denotes the symmetric group on the set {1; 2; : : : ; n}. 
PROOF. The elements of both R[G]
and M n .R/ are mappings of the form R n → R n . Hence it is sufficient to show that each mapping in R[G] is also in M n .R/. In fact, it is sufficient to show that each generator [r; g] of R[G] is an n × n matrix.
To this end, let [r; g] ∈ R [G] , where G = {g 1 ; g 2 ; : : : ; g n }. We can use the elements of G to index the co-ordinates of any Þ ∈ R n , that is, the i -th co-ordinate of Þ is Þ.g i / = ³ i .Þ/. Now consider an arbitrary Þ = s g1 ; s g2 ; : : : ; s gn ∈ R n , where Þ.g i / = s gi ; i = 1; 2; : : : ; n. Then 
Basic results on the ideal theory of R[G]
An important question now arises: Given an ideal A of R, how do we relate a corresponding ideal in R [G] ? This problem has been studied for matrix near-rings, and satisfactory results have been obtained (see [3, 4, 7, 8, 11] ). Keeping in mind that when R is a ring (with identity), the complete set of (two-sided) ideals of M n .R/ can be obtained by considering M n .A/ for ideals A of R, the natural approach was to define ideals 
Note that we use left superscripts to distinguish between the group near-ring and the matrix near-ring situation. The following result relates all these ideals in case G is finite. It is also natural to ask how to construct an ideal in the base near-ring R from a given ideal of M n .R/ or R [G] . In the matrix near-ring case, the construction is as follows:
Note that this definition is equivalent to the definition * = {x ∈ R : x ∈ Im.³ j U /; for some U ∈ ; 1 ≤ j ≤ n} given in [6] : if Þ = Þ 1 ; Þ 2 ; : : : ; Þ n ∈ R n , and
To make a similar construction in the group near-ring case, we need the analogous in R G of the element Ã 1 .1/ in R n . This is given by " ∈ R G , where ".e/ = 1 and
For the remainder of this paper, " will always denote this particular element of R G . Now let be an ideal of R [G] .
It follows that both * and * are ideals of R (see [6, 
. / from which it follows that ⊆ Ann R [G] . /. But since there are elements in R[G] which do not annihilate (such as the identity [1; e]), our result follows.
Intermediate ideals
As in the case of matrix near-rings, the concept of an intermediate ideal also makes sense for group near-rings. As mentioned before, there is, in general, a gap between + A and * A for an ideal A of R. One way to measure the 'size' of this gap is to count the number of ideals which occur in this gap.
Our first task is to show that these ideals do indeed exist. EXAMPLE 3.2. Consider the zero-symmetric near-ring 0 [x] of polynomials over the integers with zero constant term. Addition is the usual addition of polynomials and multiplication is defined to be composition of polynomials. Fix n ∈ , n ≥ 4, and define R to be the subnear-ring of 0 [x] of all polynomials of which the coefficients of x 2 ; x 3 ; : : : ; x 2n−1 are equal to 0, that is,
a i ∈ ; i = 1; 2n; 2n + 1; : : : ; k}:
Also, if m R (for a positive integer m) denotes the set of all polynomials in R, the coefficients of which are divisible by m, then one easily checks that m R is an ideal of R. , k = 0; 1; : : : ; 2n.
Now let m = 2 n and consider the ideal A = m R. We show that + A ⊂ * A and that there exists a chain of n − 2 ideals i , i = 1; 2; : : : ; n − 2, such that
Consider the elements
where 
Exceptional ideals
It was shown in [ 1 is a proper ideal of R[G] . Now follow the same method as in Example 4.2.
Modules over R[G] and the Jacobson radicals
In this last section we would like to present some results regarding the Â -radicals of R [G] which means that we need to study some module theory over R [G] . Since similar results have been obtained with respect to matrix near-rings, we certainly want to utilize these, henceforth we only focus on the case where G is finite. In particular, we let G = {g 1 = e; g 2 ; : : : ; g n }.
In what follows, the terminology 'ideal', 'R-subgroup', 'simple' and 'R-simple', has the same meaning as in [ The next step is to show how an arbitrary module over R can be extended to a module over R [G] . Since we are only interested in type 0 and type 2 modules, we will assume that all modules are monogenic, that is, if 0 is an R-module then there exists ∈ 0 such that R = 0. This implies that we can view 0 n as an R[G]-module, as follows: Let U ∈ R[G] and 1 ; 2 ; : : : ; n ∈ 0 n . Then there are r 1 ; r 2 ; : : : ; r n ∈ R such that r i = i , i = 1; 2; : : : ; n. Define U 1 ; 2 ; : : : ; n = .U r 1 ; r 2 ; : : : ; r n / ;
where s 1 ; s 2 ; : : : ; s n = s 1 ; s 2 ; : : : ; s n for every s 1 ; s 2 ; : : : ; s n ∈ R n . Note that this is exactly the way in which 0 n has been defined as an M n .R/-module (see [10] ). Since R[G] is a subnear-ring of M n .R/, this definition makes sense, and
n is well-defined.
THEOREM 5.2. If 0 is a monogenic R-module, then 0 n is a monogenic R[G]-module.
PROOF. Suppose R = 0 for some ∈ 0. As before, we can index the coordinates of an Þ ∈ 0 n with the elements of G, that is, Þ.g i / = ³ i .Þ/. Consider the element Á ∈ 0 n , where Á.g 1 / = and Á.g j / = 0 for j = 1. We show that Á is a generator for 0 n over R [G] .
g n ]/Á = r 1 ; r 2 ; : : : ; r n . By varying each r i over the elements of R, we see that
If 3 is an ideal of the monogenic module R 0, we can easily generalize Theorem 5.1 by showing that 3 n is an ideal of R[G] 0 n . Also, by Theorem 5.2, since 0=3 is a monogenic R-module (via the natural action r . + 3/ = r + 3), we have that
n , a fact which can be proved in a way similar to the proof of [7, Proposition 1.29] , where the same result was proved for matrix near-rings.
The following result is needed in the example that follows: 
and on the other hand,
and the proof is complete. 
Let M i , 1 ≤ i ≤ 3, be the two-element subgroups of M and let N j , 1 ≤ j ≤ 4, be the two-element subgroups of N which are not contained in M. Also, let m i ∈ M i , 1 ≤ i ≤ 3, and n j ∈ N j , 1 ≤ j ≤ 4, denote the non-zero elements in these groups. Finally, let h 1 ; h 2 ; : : : ; h 8 denote the elements of H \ N . Define the near-ring R as follows:
where M 0 .H / is the subnear-ring of M.H / containing the zero-preserving mappings. It turns out that R is a zero-symmetric, Abelian near-ring with identity and R is finite with |R| = 2 23 . We also note that each
, as well as the group H=N can be viewed as an R-module because of the way that R has been defined. We study the group near-ring R [G] where G is the group {e; g}.
First, define the following ideals of R R: 
This follows from the fact that all M i 's, all N j 's, as well as H=N , are R-modules of type 0, since they are all of order 2 and non-trivial (hence also of type 2), the fact that Ann R N = 
